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Abstract The paper presents a solution to a delamination problem of an infinite elastic
film resting on a rigid substrate and loaded by a monotonically increasing in-plane point
force. A rigid-slip contact is assumed between the film and the substrate, leading to the
development of two regions at the interface: a damaged zone with a relative slip between the
materials, and a region where the interface remains intact. Both film natural and essential
boundary conditions are zero on the boundary between these two interfacial zones with the
shape of the boundary being a part of the solution. Problem’s self-similarity enables us to
obtain an approximate distribution of interfacial traction within the delaminated zone and a
shape of the zone itself. For film’s Poisson’s ratio ν = −1 the approximate solution becomes
exact. It is argued that this can be treated as a special case of a rigid film sliding on a rigid
substrate. The presented approach can be used to obtain approximate closed-form solutions
to similar delamination problems.
Keywords Delamination · Friction · Self-similarity · Layered material · Analytic functions
Mathematics Subject Classification (2010) 74K35 · 74R99 · 74G10
1 Introduction
Growth of interlayer damage leading to failure at the interface is one of the most important
problems in mechanics of composite materials, rocks or ceramics. A survey of research in
this area can be found, for instance, in the review article by Hutchinson and Suo [12], who
discussed mixed mode cracking propagation using the Griffith energy condition. Interfacial
failure is specially important for coatings deposited on substrates to improve surface charac-
teristics like, for example, corrosion or wear resistance. If the coating fails, the whole system
can be prone to a rapid failure. To improve the mechanical reliability of thin films, their frac-
ture and adhesion properties are of key scientific interest. Many authors analyzed phenom-
ena leading to coating degradation, such as segmentation cracking [10] or film debonding
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[7], by considering linear elastic systems without taking into account nonlinear effects at the
film/substrate interface.
Nonlinear effects at the interface between the coating and the substrate were taken into
account by Hue and Evans [11]. They assumed a constant value of shear stress at the in-
terface and performed fracture mechanics analysis of segmentation cracking. In order to
measure the ultimate interfacial shear strength Agrawal and Raj [1] assumed given stress
distribution at the interface. Thus, without assuming a priori any constitutive relation for
this region it was possible to capture elastic deformation, plastic yielding and a softening
behaviour associated with film decohesion.
Due to their mathematical simplicity strip models serve as a basis for analytical solutions
providing insight into many generally complex problems involving delamination, film crack-
ing or snap-back response, see for example [3, 19]. Even though they provide closed-form
solutions they are not able to capture many features intrinsic to two or three dimensional
nature of film stiffening or interfacial failure phenomena, like shape of delaminated zone or
effect of substrate curvature on failure propagation.
An analytical solution to a 2D problem of a thin plate adhesively bonded to a surface
of an elastic half-space and loaded by a concentrated Mindlin-type force is presented by
Selvadurai and Willner [20]. A problem related to a flexure of a plate-like surface layer
bonded to an elastic half-space region is discussed by Selvadurai et al. [21]. In this paper
the flexure of the coating is induced by a nucleus of thermo-elastic strain acting within the
half-space region. In both contributions it is assumed, that the film remains fully bonded to
the substrate, with no separation allowed.
The paper presents a solution to a 2D delamination problem of an infinite elastic film
resting on a rigid substrate and loaded by a monotonically increasing in-plane point force.
A rigid-slip contact is assumed between the film and the substrate, allowing for modeling
of interfacial failure in the sliding mode. The presented approach can be used to obtain
approximate closed-form solutions of similar delamination phenomena. The problem can
be encountered in many practical applications, for example fiber reinforced polymer sheets
used in structural strengthening techniques [6] or in laminated glass, where two or more
glass plies are bonded together by a polymeric interlayer through treatment at high temper-
ature and pressure in autoclave [13, 17].
2 Problem Formulation
Let us consider an infinite elastic film of thickness h resting on an infinite rigid foundation.
The film is subjected to a monotonically increasing point load P acting in the plane xy on
its upper surface, as presented in Fig. 1(a). By assuming rigid-slip interaction between the
film and the substrate we have two zones developed at the interface, namely Ω , where the
film is displaced due to the external loading P , and Σ where the structure remains fully
bonded with vanishing film displacements. Let ∂Ω denote the delamination front between
the regions Ω and Σ , as schematically presented in Fig. 1(b). Assuming the film thickness
h to be small as compared to 2l, being the characteristic length of the delaminated zone
Ω , the problem can be treated as two dimensional with the film in plane stress conditions.
The interaction between the film and the substrate is reduced to shear traction τ f treated as
in-plane body forces acting on the film. Magnitude of traction τ f reaches the critical value
|τ f| = τ f = const within the delaminated zone Ω . The equilibrium equations are
σij,j + τ
f
i
h
+ Pi
h
δ0 = 0, (i, j) = 1,2, 1 ∼ x, 2 ∼ y, (1)
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where δ0 is Dirac distribution. The term (Pi/h)δ0 introduces the effect of concentrated force
acting at point O . By assuming that the directions of axis x and vector P coincide we have
P1 = Px = P , P2 = Py = 0. The components of shear traction at the damaged interface have
the form
τ f1 = τ fx = τ f cos θ, τ f2 = τ fy = τ f sin θ, (2)
where θ is the angle between the vector of interfacial traction and axis x, see Fig. 1(b).
The stress-strain relations for an isotropic elastic medium in plane stress conditions are
εii = σii − νσjj
E
, (i, j) = x, y,
εxy = 1 + ν
E
σxy, (3)
εzz = − ν
E
(σxx + σyy).
The strains are defined as
εij = 12 (ui,j + uj,i), εzz = uz,z, (i, j) = x, y, (4)
where u is the film displacement field.
We assume rigid-slip interface to model the interaction between the film and the founda-
tion. The slip condition is defined in terms of function F
F
(
τ fx, τ
f
y
) =
√(
τ fx
)2 + (τ fy
)2 − τ f (5)
and we have F = 0 for |u˙| > 0 (zone Ω in Fig. 1(b)) and F ≤ 0 for |u˙| = 0 (zone Σ in
Fig. 1(b)). The constitutive law for the slip at the interface takes the form
u˙i = −λ˙ ∂F
∂τ fi
, λ˙ ≥ 0, i = (x, y), (6)
F ≤ 0, λ˙F = 0.
By means of (5) and (6) we can write formulae for the sine and cosine of angle θ between
the vector of interfacial traction τ f within Ω and axis x
sin θ = − u˙y√
u˙2x + u˙2y
, cos θ = − u˙x√
u˙2x + u˙2y
. (7)
Thus, vectors τ f and u˙ are co-linear and point in opposite directions.
To fully formulate the problem we have to add boundary conditions to (1)–(7). At the
delamination front ∂Ω separating the damaged and intact zones we require
u = 0, t = σ .n = 0 on ∂Ω, (8)
where n is a unit versor normal to the moving boundary ∂Ω and t is a resultant force acting
on ∂Ω . Thus, we have values of both natural and essential boundary conditions prescribed
on ∂Ω . The unknown to the problem remains ∂Ω itself and, as a part of the solution, has to
be determined. Our problem belongs to the class of moving boundary problems.
When formulating the problem we need to properly describe the existence of two re-
gions within the film, namely with zero and with non-zero displacement fields. Boundary
conditions (8) describe the interaction between them. While within Σ we have u = 0 by
definition, equality u = 0 holds also on ∂Ω due to continuity of displacement field. The
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Fig. 1 (Color online) (a) Infinite
elastic film (red) resting on a
rigid substrate (grey). In-plane
point loading. (b) Two
dimensional model: plane stress
conditions with interfacial
traction τ f treated as in-plane
body forces
condition t = σ .n = 0 on ∂Ω is not so straightforward, however. Vanishing u within Σ ob-
viously results in vanishing σ in the bonded portion of the film, but it does not necessarily
mean that the stress can be continued analytically on the debonded portion passing through
the boundary ∂Ω . For example, Gastaldi and Kinderlehrer [8] consider an elastic beam on a
rigid table. The precise variational characterization of their problem is not at all trivial and
prescribes the formation of a concentrated force at the point between the region where the
beam is detached and the region where it is in contact with the substrate. In this context,
a rigorous consideration of the character of stress field on ∂Ω in our case, would probably
require advanced variational arguments, and as such it would go beyond the scope of the
present paper aimed only at finding the solution to the problem. Keeping all that in mind,
one should treat t = σ .n = 0 as an assumption regarding the interaction between the dis-
placed and bonded portion of the film. The following physical argument can be considered
in favor of this assumption. One may infer, albeit tentatively, that any stress concentration
might provoke a singularity in the interfacial shear stress, that would certainly overcome the
strength of the adhesive bonding, thus producing delamination from the substrate. From this
point of view, condition t = σ .n = 0 on ∂Ω becomes the only one that is compatible with
the limited strength of adhesives introduced by (5) and (6). Capozucca [5], Grande et al. [9]
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and Yuan et al. [24] presented experimentally obtained distribution of strain in fiber rein-
forced polymer (FRP) sheets bonded to concrete or clay prisms. During pull-push shear
tests the sheets were subjected to a loading condition similar to that discussed in the present
paper. The decohesion between the FRP reinforcement and the underlaying prisms was the
predominant failure mode. The strain gauges located on polymer sheets revealed gradual
development of a slip zone between the FRP and the substrate. Recorded strain decreased to
zero outside and on the boundary of the detached area. These experimental results provide
some support to the condition t = σ .n = 0 on ∂Ω assumed in the present analysis.
In the above it is assumed that in the detached area the plate is in slip condition. In
general, however, one can think of a more complex situation in which there are some non-
slip zones within the detached region. It seems that from physical point of view there are
no reasons to exclude a priori such a situation. In this context, the solution sought in the
following should be understood as belonging to only one family of possible responses. The
fact that it might be the only reasonable response comes from engineering intuition backed
up with results of finite element method, which can be obtained totally independently from
the forthcoming considerations. The finite element results will be presented in Sect. 8.4.
3 Dimensional Analysis
The governing parameters which characterize the considered problem are: E, τ f, ν, h, r ,
ϕ and l. As indicated in Fig. 1(b) parameters r and ϕ are the polar coordinates and 2l is a
length of the delaminated zone measured along an arbitrary but constant angle. Instead of
l a value of the loading force P could also be used, since both these parameters describe
uniquely the delamination process. Both P and l can be prescribed the meaning of time,
since only monotonically increasing loading is considered in the paper.
By assuming l and τ f to introduce the independent dimensions we can write
ρ
l
= f ρ
(
ϕ,
E
τ f
, ν
)
, (9)
θ = f θ
(
r
l
, ϕ,
E
τ f
, ν
)
, (10)
where ρ is a function describing the shape of the boundary ∂Ω between the intact and
damaged interfacial zones. In our analysis the film is assumed to remain elastic during the
slip process and to be in plane stress conditions due to its small thickness when compared
with characteristic length of damaged zone. For fixed loads τ f and P smeared uniformly
over the film thickness as done in the equilibrium equation (1), we have the strains, stresses
and displacements inversely proportional to h and can write
εij
h
l
= f εij
(
r
l
, ϕ,
E
τ f
, ν
)
,
σij
τ f
h
l
= f σij
(
r
l
, ϕ,
E
τ f
, ν
)
, (11)
uih
l2
= f ui
(
r
l
, ϕ,
E
τ f
, ν
)
,
(i, j) = x, y.
Equations (9) and (10) indicate that the shapes of the moving boundary ∂Ω , as well as
the spatial distribution of θ vary with l, while remaining geometrically similar. In fact, we
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encounter here a self-similar phenomenon, where any characteristic of the problem can be
written as
F(r, ϕ, t)
F¯(t)
= f
(
r
r¯(t)
, ϕ
)
. (12)
In other words, there exist time-dependent scales F¯(t) and r¯(t) such that measured in these
scales the characteristic F becomes time-independent, see [2]. Since only monotonically
increasing loading is considered and the parameter l has also the meaning of time, we have
t ∼ l = r¯(t).
Let us derive a general relation between the loading force P and the characteristic length
of the delaminated zone 2l. Formula
P = −τ f
∫ ∫
Ω
cos θdΩ = −τ f
∫ 2π
0
∫ ρ
0
cos θ(r,ϕ)rdrdϕ (13)
simply states that the external force has to be equilibrated by the tangential traction at the
interface. By normalizing the coordinate r by l and by virtue of (9) and (10) we can write
P = −l2τ f
∫ 2π
0
∫ ρ/l
0
cos θ
(
r
l
, ϕ
)
r
l
dr
l
dϕ = l2τ ff P
(
E
τ f
, ν
)
, (14)
where
f P
(
E
τ f
, ν
)
= −
∫ 2π
0
∫ ρ/l
0
cos θ
(
r
l
, ϕ
)
r
l
dr
l
dϕ. (15)
Thus, there is a quadratic functional dependance between the loading force P and the extent
of the delaminated zone.
4 Homogeneity of Strain, Stress and Displacement Fields
By virtue of (11) it is easy to show that the strain, stress and displacement fields satisfy the
following relations
εij (x, y, l) = lεij
(
x
l
,
y
l
,1
)
,
σij (x, y, l) = lσij
(
x
l
,
y
l
,1
)
, (16)
ui(x, y, l) = l2ui
(
x
l
,
y
l
,1
)
,
(i, j) = x, y,
where we have changed space parametrization from polar to Cartesian. Formulae (16) state
that functions εij and σij are homogenous of degree one, and functions ui are homogenous
of degree two.
As homogenous, functions ux and uy have to satisfy Euler’s theorem
∂ux
∂x
x + ∂ux
∂y
y + ∂ux
∂l
l = 2ux, (17)
∂uy
∂x
x + ∂uy
∂y
y + ∂uy
∂l
l = 2uy. (18)
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By using (4) we can combine formulae (17) and (18)
2εxy + x
y
εx + y
x
εy = 1
y
(
2ux − ∂ux
∂l
l
)
+ 1
y
(
2uy − ∂uy
∂l
l
)
. (19)
Consequently, by substituting the Hooke’s law (3) into (19) we obtain
2(1 + ν)σxy + x
y
(σxy − νσyy) + y
x
(σyy − νσxx)
= E
y
(
2ux − ∂ux
∂l
l
)
+ E
x
(
2uy − ∂uy
∂l
l
)
. (20)
On the boundary ∂Ω between the delaminated and intact interfacial zones there is
ux = uy = ∂ux
∂l
= ∂uy
∂l
= 0 (21)
and (20) reduces to
2(1 + ν)σxy |∂Ω + x
ρ(x)
(
σxy |∂Ω − νσyy |∂Ω
) + ρ(x)
x
(σyy |∂Ω − νσxx |∂Ω) = 0, (22)
where ρ(x) is the function of the boundary in the Cartesian space parametrization and sym-
bol (·)|∂Ω indicates that the given quantity (·) has to be evaluated on ∂Ω .
By using the second of the boundary conditions (8) we can write
σxx |∂Ω = −ny
nx
σxy |∂Ω, σyy |∂Ω = −nx
ny
σxy |∂Ω, (23)
where {nx,ny}T is a versor normal to ∂Ω . Upon substituting (23) into (22) we obtain
[
2(1 + ν) + x
ρ(x)
(
ν
nx
ny
− ny
nx
)
+ ρ(x)
x
(
ν
ny
nx
− nx
ny
)]
σxy |∂Ω = 0. (24)
There is nx/ny = −ρ ′(x) and we can say that either the solution to the differential equation
2(1 + ν) + x
y(x)
[
1
y ′(x)
− νy ′(x)
]
+ y(x)
x
[
y ′(x) − ν
y ′(x)
]
= 0 (25)
provides the unknown boundary ∂Ω , or the stress σxy has to be zero on ∂Ω .
The solution to the differential equation (25) in the polar parametrization of space is
given by two functions
r1(ϕ) = C1e
√
νϕ, r2(ϕ) = C2e−
√
νϕ, (26)
where C1 and C2 are integration constants. Plots of solutions to (25) are presented in Fig. 2.
It is seen that functions r1(ϕ) and r2(ϕ) cannot describe the sought boundary ∂Ω since,
in general, they do not enclose any closed subset of space that could be regarded as the
delaminated zone Ω . In other words ri(0) = ri(2π) for ν > 0, i = 1,2.
The immediate conclusion follows: on the boundary ∂Ω we have σxy = 0 and, conse-
quently, by virtue of (23) we deduce that the whole tensor σ has to vanish on ∂Ω . The
homogeneity of the solution implies that we have to modify the boundary conditions (8) to
u = 0, σ = 0 on ∂Ω. (27)
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Fig. 2 Plots of functions r1(ϕ)
and r2(ϕ)—solutions of (25)
5 Superposition of Solution
Due to the fact that the film is assumed to remain elastic during the delamination process,
the displacements and the stresses within the film are the superposition of respectively dis-
placements and stresses induced by both the point load P and the forces at the interface.
There are zero tractions and displacements at the moving boundary ∂Ω as imposed by the
conditions (27) and we can write
ui(x) = uPi (x) + uτ
f
i (x), (28)
σij (x) = σ Pij (x) + σ τ
f
ij (x), (29)
where
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uPi (x) = P u˜xi (x;0), σ Pij (x) = P σ˜ xij (x;0),
uτ
f
i (x) =
∫ ∫
Ω
[
τ fx(X)u˜
x
i (x;X) + τ fy(X)u˜yi (x;X)
]
dΩ, (30)
σ τ
f
ij (x) =
∫ ∫
Ω
[
τ fx(X)σ˜
x
ij (x;X) + τ fy(X)σ˜ yij (x;X)
]
dΩ,
(i, j) = x, y.
With j being either x or y the functions u˜j (x;X) and σ˜ j (x;X) in (30) are respectively
plane stress displacements and stresses at point x resulting from a unit force imposed at
point X of an infinite plate of given thickness h and acting in the j direction. In this context,
(28) and (29) can be treated as particular forms of Somigliana’s identities respectively for
displacements and stresses, specified for a structure in plane stress conditions and loaded
only by mass forces and a point load, with neither traction nor displacements on the bound-
ary ∂Ω . The Green’s functions u˜j (x;X) and σ˜ j (x;X) are derived in Appendix: (65), (66)
and (70), (71) are respectively stress and displacement Green’s function in the Cartesian
parametrization of space, (68), (69) and (72) provide Green’s functions written in the polar
space parametrization.
Because of the particular choice of Green’s functions u˜j (x;X) and σ˜ j (x;X) valid for
an infinite plate, we consider an infinite film while searching for the solution. For a given
point force P loading the infinite medium we try to find a zone Ω around P and such a
distribution of stresses τ f within Ω that, by virtue of superposition, there is no interaction
between Ω and the surrounding area Σ , see Fig. 1(b). In order to be so, the condition σ = 0
on ∂Ω has to be satisfied. When this is the case, the film within the external region Σ is
loaded neither by body forces nor on its boundary and, with zero rigid motion, shows no
displacements and remains fully bonded to the substrate. Within Ω , on the other hand, the
solution to our problem can be obtained by virtue of superposition (28) and (29). Of course,
when searching for the distribution of τ f within Ω , we should satisfy the slip condition (6),
where the meaning of time is prescribed to the monotonically increasing force P . Having
done so, all equations governing the problem would be satisfied.
In short, to effectively make use of (30) we have to determine two unknowns, namely
the distribution of the shear forces at the interface, that is the angle θ , and the shape of the
delaminated zone Ω .
Before we proceed, let us analyze the displacement field provided by Green’s functions
u˜x(x;0), that is resulting from a unit force acting on an infinite plate in the x direction and
imposed at point O . It can be specified from (72) in Appendix for source point coordinates
R = Φ = 0 in the polar parametrization of space
u˜xx(r, ϕ;0) =
1 + ν
4πEh
[
(3 − ν) ln d
r
− (1 + ν) sin2 ϕ
]
,
(31)
u˜xy(r, ϕ;0) =
(1 + ν)2
8πEh
sin(2ϕ),
where (r, ϕ) are polar coordinates of an observation point. In the above formulas d is an
integration constant with a physical meaning of a distance from the loading force to a point
on the line co-axial with the loading force vector, where the field u˜x(x;0) vanishes. In
our case d can in general depend on the loading parameter l. A general form of function
d(l) can be deduced by taking into account the homogeneity of the displacement field u.
Remembering that formula (14) states that P is a quadratic function of l, we see that in order
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Fig. 3 Plot of plane stress vector
field u˜x(x;0) resulting from a
concentrated unit force acting in
the x direction and imposed at
point O . Dashed line encloses
the zone where the horizontal
components of the displacement
field point in the same direction
as the loading force
for uPx(x) to be a homogenous function of degree two, d in (31) has to be a homogenous
function of l of degree one. As such, it can only be a linear function of l and we can write
d = cl, (32)
where c is as yet an undefined constant.
Vector field u˜x(x;0) is presented in Fig. 3. It has a feature typical for two dimensional
fundamental problems—there exists a zone around the loading force where the horizontal
components of the displacement vectors point in the same direction as the loading force.
The extent of this zone is governed by the value of d . Outside of this zone the horizontal
components of the displacement vectors point in the direction opposite to that of the loading
force.
6 Moving Boundary ∂Ω
To derive the formula for the moving boundary ∂Ω let us assume for the moment that we
use (29) to calculate the stress field by taking an arbitrary distribution of interfacial traction
within the entire space. We also assume the integration area in (29) to be totally arbitrary. In
other words, let us calculate stresses in (29) using an arbitrary function θ∗ and an arbitrary
region Ω∗. Without loss of generality we require only the function θ∗ and the region Ω∗
to be symmetric with respect to axis x, and Ω∗ to enclose point O , where the concentrated
force is imposed. With respect to the concentrated force, we want its Cartesian components
to be calculated in (29) from formula
P ∗x = P ∗ = −τ f
∫ ∫
Ω∗
cos θ∗dΩ∗, P ∗y = −τ f
∫ ∫
Ω∗
sin θ∗dΩ∗ = 0, (33)
where the equality P ∗y = 0 is guaranteed by the symmetry of function θ∗ and region Ω∗ with
respect to axis x. It is seen that P ∗ equilibrates the interfacial forces acting within region
Ω∗.
We stress out that the choice of function θ∗ and integration region Ω∗ used for calcu-
lation of stresses in (29) and P ∗x in (33) is totally arbitrary, except for the minor symmetry
considerations and the need of Ω∗ to include point O . In addition to that, θ∗ and Ω∗ are
independent of each other. The situation is presented in Fig. 4, where an arbitrary interfacial
traction τ f∗ as well as two arbitrary regions Ω∗(1) and Ω∗(2) have been sketched. They are
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Fig. 4 Integration within
arbitrary symmetric regions Ω∗
(1)
and Ω∗
(2) and with an arbitrary
vector field τ f∗. Forces P ∗
(1) and
P ∗
(2) are both applied at point O
loaded respectively by external forces P ∗(1) and P ∗(2), equilibrating the interfacial traction
τ f
∗
within the integration areas.
In the following all values corresponding to the arbitrary choice of Ω∗ and θ∗ will have
superscript * (for example σ ∗, τ f∗), in contrast to fields being the solution to our original
slip problem (for example σ , τ f).
Due to the arbitrary choice of Ω∗ and θ∗, the stress σ ∗ obtained from (29) and resulting
from the superposition of external force P ∗ and interfacial traction τ f∗ acting within Ω∗
in general does not have to vanish on ∂Ω∗. It would vanish, however, when τ f∗ would be
the same as the distribution of interfacial stresses at an arbitrary moment of frictional slip
in our original delamination problem, and ∂Ω∗ would be the corresponding free boundary
between detached and undamaged interface.
Since P ∗ equilibrates the interfacial traction within Ω∗, forces t∗ = σ ∗.n∗ on the bound-
ary ∂Ω∗ have no input to the global equilibrium of region Ω∗ and, as a result, the following
integral has to be zero for any choice of θ∗ and Ω∗
∫
∂Ω∗
σ ∗.n∗d
(
∂Ω∗
) = 0, (34)
where n∗ is a versor normal to ∂Ω∗. In the polar parametrization of space we can write
equality (34) as
∫ 2π
0
σ ∗.n∗ds∗ = 0 (35)
with integration done along curve ρ∗(ϕ).
Let us calculate a variation of equality (35) with respect to function ρ∗. We obtain
∫ 2π
0
δσ ∗.n∗ds∗ +
∫ 2π
0
σ ∗.δn∗ds∗ +
∫ 2π
0
σ ∗.n∗δ
(
ds∗
) = 0. (36)
Let us analyze the first term in (36). Writing the multiplication in index notation, using Gauss
theorem, commutativity of variation and differentiation and finally equilibrium equation we
obtain
∫
∂Ω∗
δσ ∗ij nj d
(
∂Ω∗
) =
∫ ∫
Ω∗
(
δσ ∗ij
)
,j
dΩ∗ =
∫ ∫
Ω∗
δ
(
σ ∗ij,j
)
dΩ∗
= − 1
h
∫ ∫
Ω∗
δ
(
τ fi
∗ + P ∗i δ0
)
dΩ∗ = − 1
h
(
δP ∗i +
∫ ∫
Ω∗
δτ fi
∗dΩ∗
)
,
(i, j) = 1,2, 1 ∼ x, 2 ∼ y. (37)
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It should be noted that δ0 in (37) is Dirac’s distribution at point O , in contrast to symbol δ
indicating variation.
Let us analyze (36) and (37). The variations in these equations are made with respect
to the boundary of integration area Ω∗. Because of that values of δσ ∗ and δP ∗x = δP ∗ in
general do not vanish, as σ ∗ and P ∗x = P ∗ depend on the choice of Ω∗, see (29) and (33)
respectively. Variations δn∗ and δ(ds∗) also do not vanish, since both n∗ and ds∗ depend on
the geometry of ∂Ω∗. In the case of δτ f∗ the situation is different. As mentioned before, the
function θ∗ was chosen totally arbitrary and independently from the choice of integration
area Ω∗. With variation δτ f∗ done with respect to ∂Ω∗, we can therefore write
δτ fi
∗ = 0, (38)
since in the used reasoning τ f∗ does not depend on the choice of ∂Ω∗. Equation (36) can
then be rewritten as
− 1
h
δP ∗ +
∫ 2π
0
σ ∗.δn∗ds∗ +
∫ 2π
0
σ ∗.n∗δ
(
ds∗
) = 0. (39)
It is valid for any choice of ∂Ω∗ and θ∗ and we remind that the variations δP ∗, δn∗, δ(ds∗)
are done with respect to the boundary of integration zone ∂Ω∗.
Since ∂Ω∗ and θ∗ in (39) are arbitrary we can make the following choice. Let θ∗ be
a distribution of interfacial traction for an arbitrary moment of frictional slip in our orig-
inal delamination problem. In addition to that, let ∂Ω∗ be the free boundary between the
detached and undamaged interface at the same moment. Then P ∗, θ∗ and ∂Ω∗ in (39) be-
come respectively P , θ and ∂Ω and describe the distribution θ of frictional stress within
damaged zone Ω loaded by a point force of magnitude P . We recover our original problem
and immediately have σ ∗ = σ = 0 on the curve ρ(ϕ). Remembering that P1 = Px = P and
P2 = Py = 0, equality (39) reduces to
δP = 0, (40)
which states that the variation of force P made with respect to the boundary of delamination
zone has to vanish.
The global equilibrium (33) written in the polar parametrization of space takes the form
P ∗ = −τ f
∫ 2π
0
∫ ρ∗(ϕ)
0
cos θ∗(r, ϕ)rdrdϕ. (41)
To make use of result (40) we choose ρ∗(ϕ) and θ∗ to describe the boundary ρ(ϕ) and angle
θ at an arbitrary moment in our delamination problem. We obtain
δP = −τ fδ
(∫ 2π
0
∫ ρ(ϕ)
0
cos θ(r,ϕ)rdrdϕ
)
= 0, (42)
or equivalently
δ
∫ 2π
0
I (ρ,ϕ)dϕ = 0, (43)
where the function
I (ρ,ϕ) =
∫ ρ(ϕ)
0
cos θ(r,ϕ)rdr
has been introduced. Euler’s equation for variation (43) reduces now to ∂I/∂ρ = 0, provid-
ing us with the non-trivial solution
cos θ(ρ,ϕ) = 0. (44)
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Thus, on the boundary ∂Ω between the delaminated and intact interface regions, cosine
of angle θ between vectors of interfacial forces and axis x has to be zero. It allows for
identification of boundary ∂Ω , provided the distribution of forces at the interface is known
a priori.
7 Approximate Solution
Being self-similar, our problem is also self-similar to the delamination resulting from an
infinitesimal loading increasing from 0 to dP . Let us therefore discuss the mechanism of
slip for this particular situation.
For the displacement field resulting from an infinitesimal loading increasing from 0 to
dP , the velocity vectors u˙ are co-linear with displacement vectors u. For this particular
situation we can write
sin θ = −u˙y√
(u˙x)2 + (u˙y)2
= −uy√
u2x + u2y
= −(u
P
y + uτ fy )√
(uPx + uτ fx )2 + (uPy + uτ fy )2
,
(45)
cos θ = −u˙x√
(u˙x)2 + (u˙y)2
= −ux√
u2x + u2y
= −(u
P
x + uτ fx )√
(uPx + uτ fx )2 + (uPy + uτ fy )2
,
where the superposition (28) has been used.
We introduce the following approximation of sin θ and cos θ , providing us with formulae,
which can be easily used in further calculations
sin θ ≈ −u
P
y√
(uPx)
2 + (uPy)2
= −u˜
x
y(x;0)√
[u˜xx(x;0)]2 + [u˜xy(x;0)]2
,
(46)
cos θ ≈ −u
P
x√
(uPx)
2 + (uPy)2
= −u˜
x
x(x;0)√
[u˜xx(x;0)]2 + [u˜xy(x;0)]2
.
Thus, we approximate the exact distribution of interfacial forces for infinitesimal loading
dP by the distribution co-linear with displacement field induced by the concentrated force
alone.
Upon substituting (31) into (46) and using d = cl, we finally obtain
sin θ ≈ −(1 + ν) sin(2ϕ)√
4[(ν − 3) ln r
cl
− (1 + ν) sin2 ϕ]2 + (1 + ν)2 sin2(2ϕ)
,
(47)
cos θ ≈ 2[(3 − ν) ln
r
cl
+ (1 + ν) sin2 ϕ]
√
4[(ν − 3) ln r
cl
− (1 + ν) sin2 ϕ]2 + (1 + ν)2 sin2(2ϕ)
.
Conceptually our deduction was performed for an infinitesimal loading dP increasing
from the undamaged state and, as such, l in (47) should be treated as infinitesimal. However,
by virtue of problem’s self-similarity, we know that in the normalized coordinates (r/ l, ϕ)
angle θ remains constant and this is true for any value of l > 0. Equations (47) are therefore
valid for any positive l and can be used as approximate formulae for cosine and sine of angle
θ .
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Fig. 5 Shapes of approximate
boundary ∂Ω between the
delaminated and intact interface
for x ≥ 0 and y ≥ 0 for various
values of ν. Plots of function
ρ(ϕ) are symmetric with respect
to x and y axis. Zone Ω is
convex for ν ≤ 1/3
Formula (47)2 for cos θ substituted into condition (44) provides us immediately with an
approximate function ρ(ϕ) for the boundary ∂Ω
ρ(ϕ) ≈ cle (1+ν) sin
2 ϕ
ν−3 . (48)
Now we can determine the constant c in (47) and in the boundary function (48). For the
sake of convenience we choose l to be a distance from the point of external loading O to the
boundary ∂Ω , measured along the line coinciding with the vector of point force P , as pre-
sented in Fig. 1(b). We shall denote this particular l by l0. Our choice of parameter l implies
that function ρ(ϕ) must equal l0 for ϕ = 0 resulting in c = 1. The boundary function (48)
now takes the form
ρ(ϕ) ≈ l0e (1+ν) sin
2 ϕ
ν−3 . (49)
Plots of function ρ(ϕ) are presented in Fig. 5 for various values of Poisson’s ratio ν, gov-
erning the shape of the delaminated zone Ω . For ν > 1/3 the delaminated zone is concave,
for ν ≤ 1/3 it is convex.
In our approximation the forces at the interface are co-linear with displacement vectors
resulting from a concentrated force alone. This analogy allows us to explain a physical
meaning of condition δP = 0, or equivalently cos θ(ρ,ϕ) = 0, which has enabled us to
obtain the moving boundary ∂Ω , by referring to u˜x(x;0) vector field. The field u˜x(x;0)
has this unique feature of a zone around the loading force, where the horizontal components
of the displacement vectors point in the same direction as the loading force. Outside of this
zone the horizontal components of the displacement vectors point in the direction opposite to
that of the concentrated force. On the boundary between these two zones we have u˜xx(x;0) =
cos θ = 0. Thus, our approximate free boundary ∂Ω defined by the condition cos θ = 0 is
simply the curve dividing the two regions of u˜x(x;0) field. We also see that the internal
zone maximizes value of P ∗ defined by
P ∗ = −τ f
∫ ∫
Ω∗
cos θdΩ∗
and variation δP ∗ has to be zero for Ω∗ coinciding with this particular region.
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Let us consider consequences of the approximation we made in (46). By taking derivative
of (28) we obtain du = duP + duτ f , and we see that when calculating cos θ and sin θ we
simply use du ≈ duP. As the concentrated force induces infinite displacements at the loading
point, we expect our approximation to render accurate results within a distance not too far
from the force. Closer to the moving boundary, we should expect it to generate some error.
It manifests itself in the fact that we do not satisfy the condition σ = 0 exactly at every
point of the moving boundary (49). This condition remains satisfied, however, in the weak
sense defined by (34), because P equilibrates the interfacial traction within Ω . Accordingly,
forces t = σ .n on ∂Ω have no input to the global equilibrium.
8 Results
Upon substituting (47) and (49) into formulas (29) and performing the integration we can
calculate stresses in the plate within the delaminated area. Due to the complexity of the
integrands the integration in (29) can be done only numerically. For ν = −1 the integrals
in (29) simplify and one obtains an analytical solution.
8.1 Special Case: ν = −1
For ν = −1 we obtain
sin θ = 0, cos θ = −1, ρ(ϕ) = l0. (50)
Thus, the delaminated zone becomes a circle and the components of interfacial forces are
given by τ fx = −τ f, τ fy = 0. The relation between the value of P and the radius of the delam-
inated zone l0 takes the form
P = −τ f
∫ 2π
0
∫ ρ
0
cos θ(r,ϕ)rdrdϕ = πτ fl20 . (51)
In the polar parametrization of space formulas (29) for the stresses within the delaminated
zone reduce now to
σxx = −τ
fl20 cosϕ
2hr
+ τ
f
2πh
∫ 2π
0
∫ l0
0
(r cosϕ − R cosΦ)R
r2 + R2 − 2rR cos(Φ − ϕ)dRdΦ
= τ
f(r2 − l20) cosϕ
2hr
,
σyy = −σxx = τ
fl20 cosϕ
2hr
− τ
f
2πh
∫ 2π
0
∫ l0
0
(r cosϕ − R cosΦ)R
r2 + R2 − 2rR cos(Φ − ϕ)dRdΦ (52)
= τ
f(l20 − r2) cosϕ
2hr
,
σxy = −τ
fl20 sinϕ
2hr
+ τ
f
2πh
∫ 2π
0
∫ l0
0
(r sinϕ − R sinΦ)R
r2 + R2 − 2rR cos(Φ − ϕ)dRdΦ
= τ
f(r2 − l20) sinϕ
2hr
,
where (51) has been used. Plots of Cartesian components of the stress tensor σ are presented
in Fig. 6. They satisfy the boundary condition σ = 0 on ∂Ω .
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Fig. 6 Cartesian components of
the stress tensor σ within one
quadrant of the delaminated zone
Ω (x ≥ 0, y ≥ 0) obtained for
ν = −1. Arrow indicates the
external point force
The formulas (28) for the displacement field in our special case provide u = 0, which in
turn yields vanishing strain tensor ε = 0. In order to explain it, let us notice that the untypi-
cal value of Poisson’s ratio ν = −1 results in infinite shear modulus of the plate G = E2(1+ν) ,
thus our material is perfectly rigid for every deformation which is not purely volumetric. In
fact, what we obtained is a statically and kinematically admissible solution for a problem
of an infinite rigid film resting with frictional contact on a rigid substrate and loaded by an
in-plane point force. The approximation (46) we had made for the angle θ turned out to
provide a correct solution for the special case of ν = −1. Thus, the formulas (50)–(52) con-
stitute an exact solution for our problem specified to a rigid film: they satisfy the boundary
conditions (27) and can be accepted in terms of the slip rule (6).
8.2 Loading Force P Versus Parameter l0
Equation (14) provides a relation between the concentrated force P and the parameter l,
which in our case has been specified to l0. Through (47) and (49) we see that the distribution
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Fig. 7 Plot of function f P(ν)
of forces at the interface given by angle θ and the shape of the delaminated zone ρ do not
depend on film’s Young’s modulus. Thus, f P appearing in (14) is a function of Poisson’s
ration ν only. Figure 7 presents a plot of function f P(ν) obtained by integration (15) for our
specific choice of parameter l = l0. In accordance with result (51) it reaches π ≈ 3.14 for
ν = −1.
8.3 Stress Field
Figure 8 presents contour stress fields provided by a numerical integration of (29) for Pois-
son’s ratio ν = 0.3. The components σ Pij in (29) introduce the singular behavior of the stress
field in the point O , where the concentrated force is imposed. As mentioned before, the
boundary condition σ = 0 is not exactly satisfied, which is clearly seen for stress compo-
nent σyy .
8.4 Comparison with Finite Element Results
Two dimensional geometry of finite element model is presented in Fig. 9(a). It is a rectangu-
lar plate consisting of plane stress elements. The frictional contact between the plate and the
rigid substrate is modeled using zero thickness interfacial elements reported by Białas and
Mróz [3]. The interface element is presented in Fig. 9(b), with nodes 5, 6, 7, 8 constrained to
have zero displacements, as they belong the rigid substrate. Nodes 1, 2, 3, 4 have tangential
displacements with components uξ and uβ . They also define the corresponding plane stress
element of the plate.
Fully implicit scheme has been used to integrate the interface constitutive law (6) with
slip condition (5). Algorithmic tangent matrices have been calculated for all the elements and
penalty stiffness method adopted to enforce the initial rigidity of the interface. Simulations
have been performed using Mathematica [16] and finite element package AceFEM [15]
developed by Korelc [14]. It allows for an automatic generation of finite element code by
simultaneous optimization of expressions within Mathematica [16].
Due to problem symmetry, plate nodes on lines x = 0 and y = 0 have been constrained to
have zero uy displacements. The concentrated force has been applied at plate node at point
O in Fig. 9(a). The plate has been modeled with 40000 rectangular elements, that is with
200 elements in each direction. As long as the loading force is not too big to make the slip
zone interact with the plate unconstrained boundaries, the finite element model corresponds
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Fig. 8 Distribution of stresses in
the plate within one quadrant of
the delaminated zone Ω (x ≥ 0,
y ≥ 0) obtained for ν = 0.3.
Dashed line indicates the free
boundary
adequately to the original infinite plate problem. During the simulations, the maximum value
of the loading force was chosen to result in the characteristic length l0 of slip zone to be
roughly one fifth of plate width along x axis, as presented in Fig. 9(a). Any numerical
difficulties associated with unstable response and plate rigid motion were thus avoided.
Figure 10 presents distribution of stresses within the slip zone obtained from finite ele-
ment calculations for ν = 0.3. The values have been normalized in order to be easily com-
pared with results presented in Fig. 8. Moreover, the moving boundaries resulting from both
the analytical expression (49) and the FEM are indicated. It is seen that the free boundaries
agree with each other qualitatively and the complicated shape of FEM boundary is only ap-
proximately captured by (49). In particular, the FE slip zone is concave, whereas the curve
resulting from function (49) does not enclose a concave area. The σyy stress distribution
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Fig. 9 (a) Geometry of finite
element model. (b) Interface
element
is the most complex and it is seen that the variation of σyy close to the moving boundary
in Fig. 8 does not resemble the result obtained from FEM. This is due to the fact that the
boundary condition σyy = 0 on ∂Ω is not satisfied exactly in Fig. 8. When we move from
the free boundary to the location of the loading force however, we see that both FEM and
semi-analytical results agree reasonably good with each other and become almost identi-
cal. This can bee seen particularly clear in the variation of σxx and σxy stress components,
which are rather localized around the loading point. This is in agreement with the previous
discussion at the end of Sect. 7.
Figure 11 presents shapes of delaminated zone obtained using finite element method and
those provided by the analytical solution (49) for various values of ν. We see that for all
values of Poisson’s ratio ranging from 0 to 0.5 the shape of the delaminated zone obtained
by finite element method is concave, in contradiction to the analytical result, where it is con-
cave only for ν > 1/3. The differences in ∂Ω provided by the analytical and the numerical
approaches tend to be smaller for lower values of ν. The general trend, however, remains
qualitatively preserved and, as expected, shapes of ∂Ω coincide for ν = −1.
9 Summary
The paper presents an approximate solution to a self-similar problem of frictional delamina-
tion. The approximate distribution of interfacial traction enabled us to obtain a closed-form
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Fig. 10 Finite element
calculations. Distribution of
stresses in the zoom area of
Fig. 9(a) for ν = 0.3. The dashed
curve indicates the moving
boundary given by (49). The
continues curve is the moving
boundary resulting from FEM
solution. The displacement Green’s functions of the fundamental 2D problem of an infinite
elastic space in plane stress conditions loaded by a point force, provide analytical expres-
sions for the distribution of interfacial traction and the shape of the moving boundary. In
context of the approximation, it can be stated that the mechanism of delamination is gov-
erned solely by the fundamental solution due to a concentrated force: this solution deter-
mines the interfacial stresses and the moving boundary. The delamination area is the same
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Fig. 11 Shapes of delaminated
zone obtained using finite
element method (green line) and
provided by the analytical
solution (dashed black line)
as the region of field u˜x(x;0), where the horizontal components of the displacement vectors
point in the same direction as the loading force. A special case for ν = −1 is a solution of
rigid film delamination.
The approach presented in the paper can be used to obtain approximate, closed-form so-
lutions for similar delamination problems, for example when considering a film in the shape
of a 2D half-space loaded on its edge by an in-plane point force. The algorithm providing
an approximate solution is:
1. obtain a solution for the displacement field {uPx, uPy} resulting from the point force alone;
2. approximate the distribution of interfacial forces by expressions (46);
3. condition δP = 0 provides a function representing the moving boundary ∂Ω ;
4. use the superposition principle to calculate the stress field.
With the value of τ f remaining constant during the slip process we make a crude assump-
tion regarding the interface constitutive law. More realistic relation between the shear stress
and relative displacement would require the stress first to reach a peak shear strength τ peak
and then to decrease to a residual value denoted in our case by τ f, where τ f < τ peak. Such
an analysis was performed for example by Palmer and Rice [18], who considered growth
of slip surfaces in over-consolidated clay. In the present case, however, the assumption of
plane stress conditions is crucial and makes the results applicable to an advanced slip situa-
tion only, where the characteristic length 2l0 of the damaged zone is big when compared to
film thickness h. In such a case the value of the interface shear stress is likely to be higher
than τ f only in the vicinity of the moving boundary ∂Ω and, with a good approximation,
within most of the damaged area Ω the ultimate shear stress τ f is reached. It should also be
mentioned that simple interface constitutive laws, as that adopted here, are used for film seg-
mentation cracking problems, rendering solutions which can be successfully used in practice
when calculating crack densities, see for example Białas and Mróz [4] or Timm et al. [22].
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Appendix
The starting point for the derivation of Green’s function is the solution for a force at point
O of an infinite plate of thickness h, as presented in Fig. 12(a). This solution can be found,
for example, in Timoshenko and Goodier [23], Article 38. Since only the stresses are given
in [23], we will derive here the expressions for the displacement field.
Assuming plane stress conditions, the polar stress components of the problem depicted
in Fig. 12(a) have the form, [23]
σ =
[
σrr σrϕ
σϕr σϕϕ
]
= P 1 − ν
4πhr
[ 3+ν
ν−1 cosϕ sinϕ
sinϕ cosϕ
]
. (53)
Plane stress Hook’s law provides components of the strain tensor
rr = σrr − νσϕϕ
E
= P (ν
2 − 2ν − 3)
4πEh
cosϕ
r
,
ϕϕ = σϕϕ − νσrr
E
= P (1 + ν)
2
4πEh
cosϕ
r
, (54)
rϕ = 1 + ν
E
σrϕ = P (1 − ν
2)
4πEh
sinϕ
r
.
Integration of relations
εrr = ur,r , εϕϕ = uϕ,ϕ + ur
r
, εrϕ = ur,ϕ + ruϕ,r − uϕ2r , (55)
with boundary conditions
uϕ(r,ϕ = 0) = 0, uϕ(r, ϕ = π) = 0 for r ≥ 0,
ur(r = d,ϕ = 0) = 0, (56)
provides the displacement field
u =
[
ur
uϕ
]
= P 1 + ν
4πEh
[
3+2ν−ν2
1+ν cosϕ ln
d
r
(1 + ν + (3 − ν) ln r
d
) sinϕ
]
. (57)
The first two conditions (56) simply enforce the symmetry of the displacement field with
respect to the axis co-linear with the external force P . The last one means that the plate does
not displace at an arbitrary point on the symmetry axis at the distance d from the loading
force. There are no physical prerequisites to chose any specific value of d and, as such, it
can be treated just like an undefined, superfluous integration constant.
To derive the Green’s functions we shall consider two different Cartesian coordinate sys-
tems, namely {xI , yI } and {xII , yII }. In the first one the loading force P has the direction
of axis xI , in the second one it is aligned with the axis yII as presented in Fig. 12(b) and
Fig. 12(c). The following formulae relate the polar with the two Cartesian coordinate sys-
tems
sinϕ = y
I
√
(xI )2 + (yI )2 =
−xII
√
(xII )2 + (yII )2 ,
cosϕ = x
I
√
(xI )2 + (yI )2 =
yII
√
(xII )2 + (yII )2 , (58)
r =
√(
xI
)2 + (yI )2 =
√(
xII
)2 + (yII )2.
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Fig. 12 (a) Infinite film loaded
by in-plane point force. (b),
(c) Two Cartesian coordinate
systems {xI , yI } and {xII , yII }
174 M. Białas
Additionally, the following relations hold
[er , eϕ]T = BI
[
eIx, e
I
y
]T = BII [eIIx , eIIy
]T
, (59)
where the matrices BI and BII have the form
BI =
[
cosϕ sinϕ
− sinϕ cosϕ
]
, BII =
[ − sinϕ cosϕ
− cosϕ − sinϕ
]
. (60)
The transformations (BI )T σBI and (BII )T σBII together with formulas (53), (58) and (60)
provide stress components respectively in the first and in the second Cartesian coordinate
system. We obtain
σxI xI = P x
I [(ν − 1)(yI )2 − (3 + ν)(xI )2]
4πh[(xI )2 + (yI )2]2 ,
σyI yI = P x
I [(1 − ν)(xI )2 − (1 + 3ν)(yI )2]
4πh[(xI )2 + (yI )2]2 , (61)
σxI yI = P y
I [(ν − 1)(yI )2 − (3 + ν)(xI )2]
4πh[(xI )2 + (yI )2]2
in the first Cartesian coordinate system and
σxII xII = P y
II [(1 − ν)(yII )2 − (1 + 3ν)(xII )2]
4πh[(xII )2 + (yII )2]2 ,
σyII yII = P y
II [(ν − 1)(xII )2 − (3 + ν)(yII )2]
4πh[(xII )2 + (yII )2]2 , (62)
σxII yII = P x
II [(ν − 1)(xII )2 − (3 + ν)(yII )2]
4πh[(xII )2 + (yII )2]2
in the second.
The transformations (BI )T u and (BII )T u together with formulas (57), (58) and (60)
provide displacement components respectively in the first and in the second Cartesian coor-
dinate system. We obtain
uxI = P 1 + ν4πEh
[
(3 − ν) ln d
I
√
(xI )2 + (yI )2 − (1 + ν)
(yI )2
(xI )2 + (yI )2
]
,
(63)
uyI = P (1 + ν)
2
4πEh
xIyI
(xI )2 + (yI )2
in the first Cartesian coordinate system and
uxII = P (1 + ν)
2
4πEh
xII yII
(xII )2 + (yII )2 , (64)
uyII = P 1 + ν4πEh
[
(3 − ν) ln d
II
√
(xII )2 + (yII )2 − (1 + ν)
(xII )2
(xII )2 + (yII )2
]
in the second. The auxiliary parameter d in (57) has been changed to dI and dII respectively
in (63) and (64).
Equations (61) and (62) can be used to obtain stress Green’s functions in a general Carte-
sian coordinate system {x, y}. For a unit force acting in the positive x direction we have
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σ˜ xxx =
(x − X)[(ν − 1)(y − Y )2 − (3 + ν)(x − X)2]
4πh[(x − X)2 + (y − Y )2]2 ,
σ˜ xyy =
(x − X)[(1 − ν)(x − X)2 − (1 + 3ν)(y − Y )2]
4πh[(x − X)2 + (y − Y )2]2 , (65)
σ˜ xxy =
(y − Y )[(ν − 1)(y − Y )2 − (3 + ν)(x − X)2]
4πh[(x − X)2 + (y − Y )2]2 .
Unit force aligned with the positive y direction induces the stresses
σ˜ yxx =
(y − Y )[(1 − ν)(y − Y )2 − (1 + 3ν)(x − X)2]
4πh[(x − X)2 + (y − Y )2]2 ,
σ˜ yyy =
(y − Y )[(ν − 1)(x − X)2 − (3 + ν)(y − Y )2]
4πh[(x − X)2 + (y − Y )2]2 , (66)
σ˜ yxy =
(x − X)[(ν − 1)(x − X)2 − (3 + ν)(y − Y )2]
4πh[(x − X)2 + (y − Y )2]2 .
In (65) and (66) small letters (x, y) indicate an observation point and capital letters (X,Y )
stand for a source point.
Equations (65) and (66) can be re-written in the polar parametrization of space. By sub-
stituting
x = r cosϕ, y = r sinϕ, X = R cosΦ, y = R sinΦ (67)
into (65) and (66) we obtain
σ˜ xxx = (R cosΦ − r cosϕ)
· (3 + ν)(R cosΦ − r cosϕ)
2 + (1 − ν)(R sinΦ − r sinϕ)2
4πh[r2 + R2 − 2rR cos(Φ − ϕ)]2 ,
σ˜ xyy = (R cosΦ − r cosϕ)
(68)
· (ν − 1)(R cosΦ − r cosϕ)
2 + (1 + 3ν)(R sinΦ − r sinϕ)2
4πh[r2 + R2 − 2rR cos(Φ − ϕ)]2 ,
σ˜ xxy = (R sinΦ − r sinϕ)
· (3 + ν)(R cosΦ − r cosϕ)
2 + (1 − ν)(R sinΦ − r sinϕ)2
4πh[r2 + R2 − 2rR cos(Φ − ϕ)]2
and respectively
σ˜ yxx = (R sinΦ − r sinϕ)
· (1 + 3ν)(R cosΦ − r cosϕ)
2 − (1 − ν)(R sinΦ − r sinϕ)2
4πh[r2 + R2 − 2rR cos(Φ − ϕ)]2 ,
σ˜ yyy = (R sinΦ − r sinϕ)
(69)
· (1 − ν)(R cosΦ − r cosϕ)
2 + (3 + ν)(R sinΦ − r sinϕ)2
4πh[r2 + R2 − 2rR cos(Φ − ϕ)]2 ,
σ˜ yxy = (R cosΦ − r cosϕ)
· (1 − ν)(R cosΦ − r cosϕ)
2 + (3 + ν)(R sinΦ − r sinϕ)2
4πh[r2 + R2 − 2rR cos(Φ − ϕ)]2 .
Here, again, small letters (r, ϕ) indicate an observation point and capital (R,Φ) stand for a
source point.
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Equations (63) and (64) can be used to obtain displacement Green’s functions in a general
Cartesian coordinate system {x, y}. For a unit force acting in a positive x direction we simply
have
u˜xx =
1 + ν
4πEh
[
(3 − ν) ln d
x(X,Y )
√
(x − X)2 + (y − Y )2
− (1 + ν) (y − Y )
2
(x − X)2 + (y − Y )2
]
, (70)
u˜xy =
(1 + ν)2
4πEh
(x − X)(y − Y )
(x − X)2 + (y − Y )2 .
Unit force aligned with a positive y direction results in the displacements
u˜yx =
(1 + ν)2
4πEh
(x − X)(y − Y )
(x − X)2 + (y − Y )2 ,
u˜yy =
1 + ν
4πEh
[
(3 − ν) ln d
y(X,Y )
√
(x − X)2 + (y − Y )2 (71)
− (1 + ν) (x − X)
2
(x − X)2 + (y − Y )2
]
.
The upper index j in u˜ji stands for the source direction, the lower index i stands for dis-
placement direction. Again, the small letters (x, y) in (70) and (71) indicate an observation
point, the capital (X,Y ) a source point. The auxiliary parameters dI and dII have been
changed respectively to dx and dy . In general, the Green’s functions can depend on a posi-
tion of source point and this fact has been indicated in (70) and (71) by writing respectively
dx(X,Y ) and dy(X,Y ). There is of course d = dI = dx(0,0) and dII = dy(0,0).
After substituting (67) into (70) and (71) we obtain displacement Green’s functions in
the polar parametrization of space
u˜xx =
1 + ν
4πEh
[
(3 − ν) ln d
x(R,Φ)
√
r2 + R2 − 2rR cos(Φ − ϕ)
− (1 + ν) (R sinΦ − r sinϕ)
2
r2 + R2 − 2rR cos(Φ − ϕ)
]
,
u˜xy = u˜yx =
(1 + ν)2
4πEh
(R cosΦ − r cosϕ)(R sinΦ − r sinϕ)
r2 + R2 − 2rR cos(Φ − ϕ) , (72)
u˜yy =
1 + ν
4πEh
[
(3 − ν) ln d
y(R,Φ)
√
r2 + R2 − 2rR cos(Φ − ϕ)
− (1 + ν) (R cosΦ − r cosϕ)
2
r2 + R2 − 2rR cos(Φ − ϕ)
]
.
Small letters (r, ϕ) indicate an observation point and capital (R,Φ) stand for a source point.
In consistency with the previous notation, there is d = dI = dx(0,0) and dII = dy(0,0).
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